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Entropy production, originated from an ideal gas second-order reaction taking place in a closed system, has
been stochastically formulated by defining the entropy in a form similar to the conditional entropy used in the
theory of information. The entropy is introduced in the natural way as a result of the partial factorization of
joint probability for reaction states devised for the approximate solution of the stochastic process of the second-
order reaction. The entropy production has also been discussed in comparison with the usual one.

The stochastic nonequilibrium thermodynamics of
reaction systems can be studied by the correlation of
probability to entropy on the proposition that chemical
reaction is a random process. The author has stochasti-
cally discussed the nonequilibrium thermodynamics
for first-order reactions in closed and open systems.)
It has been assumed that the entropy change 4,5 due
to a chemical reaction is of Gibbsian type, viz.,

4;8 = —k 3 P(r; H)In[P(n; #)[P(r; oo)] M

or
§ = —KIn[P(r; t)/P(n; o0)]) + S, (1"

where k is Boltzmann’s constant, P(n; t) the probability
distribution for the set n={n:} of all the numbers of
molecules of reacting species 9’s at time ¢, P(n; o)
the corresponding equilibrium probability — distri-
bution, 4,5=85—S, (S, is the entropy for the equilib-
rium probability distribution) and the angular brackets
denote the average over all possible reaction states.

As an example, we consider the reaction A%B.
The probability distribution for reaction states is given
by the binomial distribution P(r; t):(n!/gnr!)lg
{p+(t)}*7, in which n=>3nr (y=A, B) is the total num-

ber of molecules and p:(¢) the probability for a mole-
cule of reacting species y to be found in the reaction
system. According to Eq. (1), the entropy change can
be written as

48 = —k 3 <{ny) In[pr(8)/q+]
= —k 3 {nr) In[{ny DK )el, 2)

where ¢r is the probability corresponding to pr(t) in
equilibrium state.” This is identified with the result
from the usual nonequilibrium thermodynamics, in
which the hypothesis of local equilibrium? plays an
important role. It should be stressed, here, that the
hypothesis of local equilibrium is also implicitly in-
volved in Eq. (1), since the equilibrium probability
distribution P(n; oo) is assumed to be retained through-
out the reaction time.

For the system in which a second-order reaction
occurs, however, the stochastic formulation of non-
equilibrium thermodynamics remains unsettled. This
may well be due to the difficulty in finding the proba-

1) K. Ishida, J. Phys. Chem., 70, 3806 (1966); 72, 92 (1968).

2) S. R. de Groot and P. Mazur, “Non-Equilibrium Thermody-
namics,” North-Holland Publishing Co., Amsterdam (1962), p.
23.

bility distribution to facilitate the evaluation of stochas-
tic entropy. When the probability distribution, even
though it is approximate, is found at all, the entropy
change can be calculated by Eq. (1). The plan of
this paper is as follows. We describe a second-order
reaction by the stochastic process linearized with the
transition probability variable with time on the as-
sumption of the partial factorization of the joint proba-
bility distribution for reaction states, and at the same
time we define the stochastic entropy in a form similar
to the conditional entropy in the theory of information.3)

Stochastic Model for Second-Order Reaction

For the sake of simplicity, we consider a second-
order reaction in ideal gases

A+B 2 C o)

Letting the random variables X, (), Xg(t), and X(¢)
represent the numbers of molecules of reacting species
A, B, and C at time {, respectively, the stochastic
process is then described by the differential-difference
equation,
WP(nA, nps Nc; t)

= Anp+1)(ng+1)P(ns+1, ng+1, nc—1; )

— (Ansng+A4'ng)P(ns, np, nc; &)

+ A (ng+1)P(ny—1, ng—1, nc+1; t) (3)

where P(n,, ng, ng; t)=ProbA{X,(t)=n,, Xg(t)=ng,
X, (¢t)=ng} denotes the joint probability that there are
n,, ng, and ng molecules of reacting species A, B, and G
in the reaction system at time ¢, respectively, and 4
and A’ are the rate constants defined on the assumption
that the transition probabilities of reaction processes
of A+B—-C and A-+B«C in the time interval (¢,
t+dt) are given by 1 n,nzdt and A'ngdt, respectively.
It is a complicated problem, soluble in principle, to
find the probability distribution P(n,, ng, ng; ¢)from
Eq. (3), which is nonlinear with respect to the numbers
of molecules. In order to obtain its approximate
solution, however, we attempt to reform Eq. (3) into
the linear equation of only the number of molecules
of reacting species C, ng. If the reaction system is
in the thermodynamic limit such that the total number
of molecules taking part in reaction is sufficiently large,

3) A. I. Khinchin, ‘“Mathematical Foundations of Infor-
mation Theory,” Dover Publications Inc., New York (1957), p.
35.
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it is possible to assume the partial factorization of the
joint probability®

P(ny, ng, nc; t) = P(ny; t)P(ng, nc; t) (4, A)
or

P(ny, np, nc; t) = Plng; )P(na, nc; t). (4, B)

Such a factorization, as will be shown later, is made to
preserve at least the stochastic process of the reaction.
Applying the factorization (4, A) to Eq. (3) and taking
the summation over all possible values of random
variable X, (t), we obtain

d
d¢
= Anpay(ng+1)P(ng+1, nc—1; ¢)

— (Knapng+A'nc)P(ng, nc; t)

+ A'(nc+1)P(ng—1, ng+1; ¢). (5)

From Eq. (5), we can easily derive the rate equation
with respect to the mean <{ng),

d
~aqr e = Knapng) —'no). (6)

This is of the uncorrelated form of the alternative rate
equation derived directly from Eq. (3),

o> = Mnany—1'<no), )

P(ng, ng; t)

which, in the thermodynamic limit, is practically
equivalent to Eq. (6). If the initial numbers of mole-
cules of reacting species A and B are denoted by n,®
and n;'?, respectively, equation (6) is written as

%(ﬂ«ﬁ = Ang " —(nc)) (np'® —ncy) — A'{nc)- (6)
Solving this differential equation, we obtain, in agree-
ment with the deterministic theory,

(o) = % (1 —exp[—A(x—p)i])
a—pexp[—A(a—p)t] ’
where « and f are the roots of

(ned? — (na @ +np® +4'/A)ne) + ny®ng® = 0. (9)

Let us return to Eq. (5). If the transition proba-
bility variable with time is defined by

An(t) = Anaps (10)

(8)

where

o (1 —exp[—A(a—B)t])
a—pBexp[—Ala—p)t] ’

(nay = n'9 — (11)

equation (5) becames

d
—P(nB’ nes t)

de
= @) (ng+1)P(ng+1, nc—1; t)
— (As(@®)ng+A'ng)P(ng, no; t)
+ A (nc+1)P(ng—1, nc+1; ¢) (5
or
S Pl 1)

= 22(t){ng® — (ng— 1) }P(nc—1; ¢)

4) 1. Oppenheim, K. E. Shuler, and G, H, Weiss, J. Chem.
Phys., 50, 460 (1969).
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— {lA(O (ﬂBw)*nc)‘}'l'ﬂc}P(nC; t)

+ A(nc+1)P(mc+1; t), (5"
which is just the same because of Prob. {Xg(t)=
ng, Xo(t)=nc}=Prob{Xy(t)=n8—n,  X;(t)=nc}=
Prob. {X,(t)=n.} on the basis of the introduction of
the transition probability 2,(t).

To solve Eq. (5"), let us define the generating
function

G(zc; t) = 3 zg"oP(ne; 1), 0<|z¢|<I. (12)
ne
From Eq. (5”), then, we obtain the partial differential
equation
oG

ot
where the initial condition is given by G(zy; 0)=1,
which corresponds to the initial condition for Eg.
(5"), P(ng; 0)=0nc,0. After rather lengthy algeb-
raic manipulations, it can be found that the solution of
Eq. (13) is of the form

o (Ee = (B W)expl— A B)1]
L Sy o S
ﬂA“”(l*CXP[*l(a‘ﬁ)t])z "B

a—f exp[—A(x—p)1] J
Performing the binomial expansion of the right-hand
side of this equation, we have, according to Eq. (12),

o (1O (@ (1 —exp[ —A(x—B)i]) | e

s 0 = (o N pent—ste ) |
X {“ﬁ"A“”—(B—num)exp[—z(a—ﬁ)t]}”B‘“’-"c

a—p exp[—A(a—p)t]

O = )+ )1 —20) e — mg @i ()1 ~20)G, (13

(14)

(15)
This is the probability distribution on the understanding
that the reacting species A takes part in the reaction
through the mean number of molecules, {n,>. Of
course, from the probability distribution (15), we
obtain the mean {n.) consistent with Eq. (8).

Let us find the probability P(n,; t). For this pur-
pose, we introduce again the generating function de-

fined by

g(zas t) = X za"{ X P(na, np, nos )}, (16)
nA nB, n¢
0<]z4 =1

which may be called a reduced one. Thus, we have

from Eq. (3),
98 _ g
a[ == (1 ’ZA) {A<HB>GZA -
where the factorization (4, A) has been taken into
account. Since A'{ng./Al{ngy,=<{n,>, at equilibrium,
we find straight from Eq. (17)
g(za: ) = exp[(za—1){napel- (18)
This shows that the equilibrium probability distribu-
tion is Poissonian;
P(ny; o0) = exp(—{nape){naye™s/nal. (19)
The time-dependent solution of Eq. (17) is of the same
form as Eq. (18),
g(za; 1) = exp[(za—1)<{na)] (20)
obtained by means of the initial condition, g(z,; 0)=
exp[(z,—1)n,”], in which we have assumed

1'<nc>g} (17)
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Myinii=n2"". To this generating function corres-
ponds the Poisson distribution,

P(ny; t) = exp(—{npy){nayralny!, (21)
where the mean <n,) is consistent with the value
given by Eq. (11).

It should be mentioned that Eq. (5") or (5"") describes
the stochastic process of the modified second-order
reaction as follows:

B({AY) 2 G, I1, A)
where the symbol (A) in parentheses indictes the
hypothesis that the average change of the number of
A molecules is incorporated beforehand in the tran-
sition probability 1,(¢) at an arbitrarily fixed time ¢.
On the other hand, assuming the factorization (4, B),
we may similarly consider the other modified second-
order reaction

A(B)) 2 G (11, B)

Thus, we can symbolically express the probability for
the required reaction (I), ® (A+B2C), by

®A+B2C) = R(A)PBKA)) 2C) (22, A)
or

®A+B2C) = ®B)P(AKB)) 2 C). (22, B)
In Eq. (22, A), the probability ® (B({A>)2QC) for

the modified reaction (II, A) may be regarded as a
conditional probability, calculated on the assumption
that the average change of the number of A molecules
is realized beforehand with the probability ® (A).
Equation (22, A) or (22, B), together with the Gibbs
entropy postulate (1) or (1’), forms the basis of the
stochastic formulation of nonequilibrium thermody-
namics of reaction (I).

Stochastic Entropy

Following the Gibbs entropy postulate (1), we have,
as the stochastic entropy for the probability ®(A+
B20),

S(A+B2C) = —KIn[® (A+B2C)/
®(A+B2 O)]) + S.(A+B 2 C). (23)
As an example, if we apply the relation (22, A) to Eq.
(23), we can write the stochastic entropy S(A-+BZ
C) in the form

S(A+B 2 Q)
= —k{ZA‘.CP(A)ln[(P(A)/(Pe(A)]EC}G’ (B(KAY) 2C)
+ %KP (A)%G’ (B(KAY) 2 C)In[® (B(<AD) 2 C)/
®(BKAY) 2CO)]} + S(A+B2C).

However, owing to the normalizations 2® (A)=1
A

(24)

and %(P(B((A))ZC):I, this equation now becomes

S(A+B 2 Q)
= —k{In[® (A)/®(A)]>

+ n[® (B((AD) 2 C)/P(B(A)) 2 C)ID}

+ S, (A+B 2 Q). (25)

If we furthermore decompose the entropy S,(A4BZ
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C) for the equilibrium probability distribution ® (A
+B2C) into the two parts, S,(A) and S,(B(CAM)Z2
C), we have consequently

S(A+B > C) = S(A) + S(B(AY) 2 C), (26, A)

which is in a form similar to the conditional entropy
in the theory of information. In writing the above

equation, we have defined
S(A) = —kIn[® (A)/®(A)]) + S.(A) (27)
and
SBKAY) 2 O
= —k{n[® (B(A)) 2 C)/® . (BKAY) 2 O)T>
+ Se(B(<AY) 2 C). (28)

Proceeding in the same manner, we get also for the

relation (22, B),
S(A+B 2 C) = 8(B) + S(A((BY) 2 C). (26, B)

In order to express explicitly the stochastic entropy
(26, A), we start with the evaluation of Eq. (28).
Since the probability ® (B({A))2C) is given by Eq.
(15) and it follows that

®.(BIAY) 2 Q)
- (;’z‘o’)("“"’/“)"C{(“—”A‘o’)/a}"‘°‘B—nc,

the stochastic entropy S(B({AY)2C) takes the form
SBEKAY) & €)

(29)

12 (1 —exp[—A(a—B)t])

= k|G a— B exp[— Ma—B)1]

+ (2 —Cnc))

w1y ® — (B —ny @) exp[—A(x—B)1]
X In a— B exp[—A(x—B)1]
— nodIn(ny @ o) — (0@ —(no)

X ln[(oc—nA“”)/a]} + S.(B({A)) 2 Q).

(30)

With the aid of the relations, af=n,Yn;?, B=<{ny),
and  A{atn, ¥ —(B—n, ")exp[—A(a—p)]}/{a—pexp[
—Ma—p)t]=n,""(n,'" —<ney)/apf, the above equa-

tion is reduced to
S(B(AY) 2 )
= —k{{nc)In(Cncy/{nc)e)

+ (np'® —<ncy)In[(ng® —(nc))/(ns” — (nce) 1}

+ S.(B({A)) = C). (31, A)
Similarly, for the modified second-order reaction (II
B), we have

S(A(KBY) & €)
= —k{{ne)In({nc)/<nc)e)

+ (14 —<ne))Inf(ny @ —(re)) /(s —<ncde) 1}

+ S.(A(KB)) 2 C). (31, B)
Since Egs. (21) and (19) correspond to the probabilities
®(A) and ®.(A), respectively, we obtain from Eq.
(27)

S(A) = —k{{ra)In((na/<nade)
— ((ra) —<nade)} + Se(A).
Similarly, we have for the probability o(B)

B

(32, A)
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S(B) = —k{{np)In({ng)/{np).)
— (np) —<npe) } + Se(B). (32, B)
In the final analysis, the substitution of Egs. (31,
A) and (32, A) into Eq. (26, A) leads to
S(A+B 2 C)
= —k{{nadIn(nad/nade) + {n)In((np)/{ns)e)

+ (nedIn(ncy/{ncde) + ((no)—<{nche)}

+ S (A+B 2 C), (33)
or by setting 4,8(A+B2C)=SA-+B2C)—S,(A+
B2QC),

4;S(A+B 2 Q)
= —k{{ndIn(nad/(nade) + {np)In({npd/{ns)e)

+ <nedIn(ned/C(noye) + ({noy —<noye)}s (33")
where {(n,)=n,® —{n.,> and {nz)=n,® —<{n,> have
been used. Following the same argument closely we
can again find Eq. (33) from Egs. (26, B), (31, B),
and (32, B). We have therefore the symmetrization

S(A+B 2 Q)
_ %{[sm) + S(B({AY) 2 O)]

+ [S(B) +S(AKBY) 2 C)]}
=r. h. s. of Eq. (33). (34)

From Eq. (33), the stochastic entropy production
6=dS(A+B2C)/dt can be readily obtained as

o= k(d(nc>/dt)ln( <nA<>"eC<>neB>e / <n§;‘ziB> ) (35)

If it is assumed that temperature T is uniform through-
out the reaction system, the chemical affinity @ is
expressed by

a = kT{In({ns)/{nade) + In(<np)/{ng)e)
— In(Kncp/Knce) } (36)

and the reaction velocity by o=d{n.>/dt. The
stochastic entropy production (35) is reduced to
o = (a/T) 37)
a form convenient for comparison with the entropy
production in the usual nonequilibrium thermody-
namics.®
It is instructive to compare the stochastic theory
with the usual one. In the latter, the entropy change

r ?
due to a chemical reaction 3}v,A,;231v,’A ) in ideal
1=1 Jj=1

gases can be written as

arbitrary reaction state
[(@maz, (38)

equilibrium state

A =

where the degree of advancement § is defined by
—dln, > [v,=d{n,,>/v,’=dé and the chemical affinity
a is given by

14 P
a= 211 Vilia, — 20V, Ua,
1= 7:=1

= BT St vdn (G dKande) = B vpin(ua, 5oy e}
(39)
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In this equation, we have used as the chemical poten-
tial of component 1y,

Uy = kT In{n;) + 5, (T, V),

where {(n;> is the mean number of molecules of
reacting species y and %;(7, V) a function of volume
V and temperature 7 only. After integration, we
obtain

A8 = —k zél [KrapIn({ng, ) /Kna ) —<na,y + {na el
+ lé [<nA'J>In(<”A'J>/<”A']>e)

= Guar,y+ Cnar el (40)

In the case of reaction (I), for instance, we have Eq.
(33") by using the relation —({n,)—<{n,>,) = —({ng>—
{ngd,) =<{ney —<{ny),. Reflecting upon the requirement
that the mean numbers of molecules, <n,,> and {nyr D,
have to be taken with respect to a probability distri-
bution governing the reaction system, we may reform
Eq. (40) into
A8 = — k<ln{ b(ﬁp(;(@hz),(ﬁ{\zz?ﬁ
1=1

nA,.!

nAi!

/s?fp,( —rae) {ma e

« f (SR

7=1 nA'j!

/exp<~<nAr,>e><nAu>e“'f )}> (41)

]
nA'j.

Thus, it turns out that Poisson distribution holds for
each reacting species and that it is maintained invariant
throughout the reaction process in local equilibrium,

which is also assumed in Eq. (38). If we set

p(ny) = exp(—<nr))<nr)mr/ny ! (42)
and

pe(ny) = exp(—{nrpe){nryen/ny! (43)

and take the average with respect to the probability
distribution 7p(n;), we can rewrite Eq. (41) in the
T

form

A8 = —k T p(ny)In(H[p(ny)/pe(nr)])
n o7 7
= —k X3 p(nr)In[p(nr)/pe(nr)]- (44)

v onr
If, furthermore, we set IIp(n:)=P(n), we obtain from
s

Eq. (44) the Gibbs entropy postulate
A8 = —k 33 P(n)In[P(n)/P,(n)] (45)

in agreement with Eq. (1). We can therefore con-
clude that for the entropy change due to a chemical
reaction in ideal gases the thermodynamic expression
(38) is equivalent to the stochastic one (1).

We can rewrite Eq. (44) corresponding to Eq. (1)
as

5) 1. Prigogine, “Introduction to Thermodynamics of Ir-
reversible Processes,” 3rd ed., Interscience Publishers, New York

(1967), p. 23.
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S=—k 333 plnr)In[p(nr)/pe(nr)] + Se.

v onr

(44')
Assuming Sezere(y), where S,(y) denotes the entropy

for the equilibrium probability distribution of reacting
species y, we obtain from Eq. (44')

§ =218, (46)
T

where
S(y) = —k%:lﬁ("r)ln[l)(ﬂr)/[’e(nr)] + Se(y)- (47)

This has its origin in the factorization P (nr)=IIp(n;).
s

In other words, we can say that the joint probability

distribution P(m; t) for reaction states, at all times

0=t=<<oo, is factorized as P(n; t)=IIP (n;t) in thermody-
T

namic limit. However, so far as thermodynamic
considerations are concerned, the probability distri-
bution of reaction states can not be explicitly found
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through the reaction kinetics. The reason why we
have presumed to use the factorization such as Eq.
(22, A) or (22, B) is to formulate stochastically the
nonequilibrium thermodynamics by considering at
least the stochastic process of the modified reaction
(IT, A) or (II, B), which is of an advantage to the
approximate solution of the stochastic process of reac-
tion (I). We emphasize finally that such a theory
can systematically deal with the nonequilibrium
thermodynamics of chemical reaction together with
its stochastic process.

The stochastic theory presented in this paper can
be applied to other reactions, e.g., A4+B2C+D.
The stochastic entropy is given by S(A4+B2C+D) =
SBAN)2C(KD?)) +S(A(BY)2DKED)) or S(A+BZ2
C-+D) = 1/2{[S(A) + S(D) + S(B(<AY) 2 C(D))] +
[S(B)+S(C)+S(AKB))2D(KC>))]r. Of course, the
former agrees with the latter, assuming the relation

(46).






